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Abstract
In this paper all Veronesean caps of projective spaces of ﬁnite dimension over skewﬁelds are classiﬁed. More precisely, if
PG(M,K), K a skewﬁeld, contains a Veronesean cap X, then K is a ﬁeld and X is either a Veronese variety or a projection of a
Veronese variety. This result extends analogous theorems of Mazzocca andMelone [Caps andVeronese varieties in projective Galois
spaces. Discrete Math. 48 (1984) 243–252] and Thas and Van Maldeghem [Classiﬁcation of ﬁnite Veronesean caps, European J.
Combin. 25(2) (2004) 275–285] for ﬁnite projective spaces.
© 2007 Elsevier B.V. All rights reserved.
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1. Introduction
The Veronese variety of index n of all quadrics of PG(n,K), K a ﬁeld and n an integer such that n1, is the variety
Vn consisting of all points of PG(N,K), N = n(n + 3)/2, having homogeneous projective coordinates
(x20 , x
2
1 , . . . , x
2
n, x0x1, . . . , x0xn, x1x2, . . . , x1xn, . . . , xn−1xn),
where (x0, . . . , xn) is a point of PG(n,K).
In this paper, we are interested in characterizing aVeronese variety via some of its remarkable geometrical properties.
In 1984,Mazzocca andMelone [3] pointed out three geometric properties ofVn, and they obtained a characterization
of a ﬁnite Veronese varietyVn as a point-set of a ﬁnite projective space PG(M, q), Mn(n + 3)/2, q odd, satisfying
a suitable setS of axioms. Later on, Hirschfeld and Thas [2] modiﬁed the proof of Mazzocca and Melone, allowing
q to be even. Finally, Thas and Van Maldeghem [5], deleted the bound on the dimension M of the projective space
and weakened one of the conditions of S, proving that the resulting geometric object of PG(M, q) is projectively
equivalent either to a Veronese variety, or to a proper projection of a Veronese variety.
Recall that an oval of a projective plane  is a set of points of  no three of which are collinear and such that for
every point x there exists exactly one tangent line Tx().
E-mail addresses: eva.ferraradentice@unina2.it (E. Ferrara Dentice), giuseppe.marino@unina2.it (G. Marino).
0012-365X/$ - see front matter © 2007 Elsevier B.V. All rights reserved.
doi:10.1016/j.disc.2006.11.042
300 E. Ferrara Dentice, G. Marino / Discrete Mathematics 308 (2008) 299–302
Let X be a spanning point-set of PG(M,K), where M > 2 and K is a skewﬁeld, and let be a collection of planes of
PG(M,K) such that, for any  ∈ , the intersection  ∩ X is an oval in . We call X a Veronesean cap of PG(M,K)
if the following properties hold:
(A1) Any two points x and y of X lie in a unique element of , which we denote by [x, y].
(A2) If 1,2 ∈ , with 1 = 2, then 1 ∩ 2 ⊆ X.
(A3) If x ∈ X and  ∈  with x /∈ , then each of the lines Tx([x, y]), y ∈  ∩ X, is contained in a ﬁxed plane of ,
denoted by T (x, ).
Note that, a Veronesean cap can be obtained in the following way. LetVn be the Veronese variety of index n> 2 of
PG(N,K), where K is a ﬁeld and N =n(n+3)/2, and R be a subspace of PG(N,K) which is skew to all secant planes
ofVn. Then the projection ofVn from R onto a suitable subspace W of PG(N,K) provides a Veronesean cap of W .
Since many properties in [2,3,5] are proved in a geometrical way, it seems to be reasonable to approach the charac-
terization of a Veronese variety of PG(M,K), K an arbitrary ﬁeld (not necessarily commutative). Thus, we are able to
prove the following result.
Theorem 1.1. Let X be a Veronesean cap of a projective space P := PG(M,K) of ﬁnite dimension M > 2 over a
skewﬁeld K. Then, K is a ﬁeld and there exist an integer n2, a projective space P′ = PG(n(n + 3)/2,K) containing
P, a subspace R of P′ skew to P and a Veronese varietyVn in P′ such that R ∩Vn = ∅ and X is the projection ofVn
from R onto P. Furthermore, if R is empty, then X is projectively equivalent toVn.
2. Some properties of Veronesean caps
According to [3,5], the results of this section hold.
• If x ∈ X and  ∈ , with x /∈ , then T (x, )\{x} is the disjoint union of Tx([x, y])\{x}, with y ranging over
X ∩ .
• Any two planes of  meet in at most one point.
• Any three distinct points in X are non-collinear, i.e. X is a cap (this shows that the name Veronesean cap is
consistent).
• Any tangent to X is contained in a unique plane of .
Let (X,B) be the point-line geometry whose points are the points of X and whose lines are the plane sections of X
with planes of, the incidence being the inclusion. Then, (X,B) turns out to be the point-line truncation of a projective
space. We will call index of X the dimension of the projective space (X,B) and we will refer to the Veronesean cap
(X,B) with its n-dimensional projective structure.
Let T (p) :=⋃p∈∈Tp() denote the tangent space of X at a point p ∈ X. Then, the following propositions hold.
Proposition 2.1. For any point p of X, the tangent space T (p) is a projective subspace of PG(M,K), whose dimension
is the index of (X,B).
Proposition 2.2. For any plane  in  and for any point x in X\, T (x) ∩ = ∅.
Proposition 2.3. If n = 2, then M = 5. Moreover, Mn(n + 3)/2 for every n2.
Proposition 2.4. Let p and q be two any distinct points of X. Then, the tangent spaces T (p) and T (q) meet at a unique
point x which does not belong to X.
3. Veronesean caps of index 2
In this section, we assume n = 2, i.e. (X,B) is a projective plane. We prove that (X,B) is Desarguesian and K is
the skewﬁeld coordinatizing (X,B). According to [1], a full embedding of a projective space P into a projective space
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P′, is an injective map e : P −→ P′ between the point-sets such that:
• e(P) spans P′.
• For every line L of P, e(L) is a line of P′.
• e(L) = e(L′), for any two distinct lines L, L′ of P.
Theorem 3.1. (X,B) is a projective plane PG(2,K) over the skewﬁeld K.
Proof. Let  be a ﬁxed plane of, B be the oval ∩X and U be a projective plane of PG(5,K) skew to . We denote
by  the projection of PG(5,K) from  onto U. We will prove that X is fully embedded in U omitting trivial parts of
the proof.
Step 1:  is injective on X\.
Step 2: Let  be a plane of  different from  and x be the point  ∩ . Then, (\{x}) spans a line L of U, and
(T (x)\Tx()) is a point of L.
By the previous step, we are able to extend  to the points of X ∩ , by setting (x) := (T (x)\Tx()). Observe
that every line of PG(5,K) tangent at the point x to an oval B ′ of X, different from B, is projected onto (x).
Step 3: For any point x ∈ B and for any point y ∈ X\, (x) = (y).
By steps 1 and 3 the map from X onto U
(x) :=
{ 〈x, 〉 ∩ U if x ∈ X\,
〈T (x), 〉 ∩ U if x ∈ X ∩  (3.1)
is well deﬁned.
Step 4: For any line B ′ of B different from B, let  be the plane of  such that  ∩ X = B ′. Then,  is a bijection
between B ′ and L.
By steps 1, 2 and 3, (B ′) ⊆ L and  is injective on B ′. Let p be a point of L and x := B ∩ B ′ =  ∩ . Clearly,
〈, 〉 = 〈L, 〉 and 〈p, 〉 ∩  is a line L of  passing through x. Either L is a secant line to the oval B ′ at x or L is the
tangent line Tx(). If L intersects B ′ at two distinct points x and y, then, obviously, p = (y). Otherwise, if L= Tx(),
then p = (x), by step 2.
Step 5: The map  is injective on B.
Step 6: The map  sends B to a unique line of U.
Step 7: For any two distinct points x and y of B, denoted by L the line of U joining (x) and (y),  turns out to be
a bijection between B and L.
By step 5,  is injective on B. So, let p be a point of L different from (x) and (y). Let  and  be two planes of 
passing through x and y, respectively, and different from . Then, by steps 2 and 4, L = (\{x}), L = (\{x}) and
q := ( ∩ ) = L ∩ L. By step 4 again, denoted by a a point of L different from (x) and q, there exists a point
z′ ∈  ∩ X such that (z′) = a. Analogously, there exists a point z′′ ∈  ∩ X such that (z′′) is the point 〈a, p〉 ∩ L.
Finally, since p ∈ ([z′, z′′] ∩ X), there exists a point z ∈ [z′, z′′] ∩ X such that (z) = p and, by the construction
above and by step 6, z = [z′, z′′] ∩ .
Hence, the map  deﬁned in (3.1) is a full embedding between the point-sets of the two projective planes (X,B)
and U = PG(2,K). It is easy to see that  is an isomorphism. 
Theorem 3.2. The skewﬁeld K is commutative.
Proof. Let  be a ﬁxed plane of , B be the line  ∩ X of B, a and b be two distinct points of B and R be the line of
PG(5,K) through them. Furthermore, let  be the projection of PG(5,K) from R onto a three-dimensional projective
subspace W skew to R. As in Theorem 3.1, we shall divide the proof into steps, omitting trivial parts of the proof.
Step 1: Every plane  of  passing through a and different from  is projected by  onto a line of W containing the
point (Ta()\{a}).
Step 2: Different planes of  passing through a and different from  are projected by  onto skew lines of W .
Step 3: For every plane  of  passing through a and different from , the lines (T (a)\{a}) and (\{a}) of W
intersect at the point (Ta()\{a}).
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Note that steps 1–3 similarly hold for any plane of  passing through b and different from .
Step 4: Let 1 and 1 be two planes of , different from , through a and b, respectively. Set L1 := (1\{a}) and
M1 := (1\{b}), in accordance with deﬁnitions of previous steps. Then L1 ∩ M1 = (1 ∩ 1).
Now, let  be a plane of passing through a and different from , and let B ′ := ∩X be the corresponding line of
B. Clearly,  induces an injective map between B ′\{a} and the line L := 〈, R〉 ∩W of W . Furthermore, every point
p of L is the projection either of the tangent Ta() or of a secant line of B ′ passing through a. In the latter case, we
will denote by p˜ the point of X such that 〈p,R〉 ∩  ∩ X = {a, p˜}.
Step 5: For every three pairwise distinct planes 1, 2, 3 of \{} passing through a, a transversal line of L1 :=
(1\{a}), L2 := (2\{a}) and L3 := (3\{a}) is either the line (T (a)\{a}) or (\{a}), for a suitable plane  of
\ passing through b.
Let {L1, L2, L3} and {M1,M2,M3} be two sets of mutually skew lines such that Li = (i\{a}), Mi = (i\{b}),
for i = 1, 2, 3 and i and i be planes of \ passing through a and b, respectively. We consider a transversal
M /∈ {M1,M2,M3} of {L1, L2, L3} and a transversal L /∈ {L1, L2, L3} of {M1,M2,M3}. By step 5, we have four
possibilities:
(i) L = (T (b)\{b}) and M = (T (a)\{a}). By Proposition 2.4, L ∩ M = (T (a) ∩ T (b)).
(ii) L= (T (b)\{b}) and M = ([b, q˜]\{b}), where q˜ is a point of X\. Then, L∩M = (Tb([b, q˜])\{b}), by step 3.
(iii) L= ([a, p˜]\{a}) and M = (T (a)\{a}), where p˜ is a point of X\. Then, L∩M = (Ta([a, p˜])\{a}), by step 3.
(iv) L = ([a, p˜]\{a}) and M = ([b, q˜]\{b}), with p˜ and q˜ two points of X\. As (X,B) is a projective plane, the
planes [a, p˜] and [b, q˜] have a common point x ∈ X. Then, L ∩ M = (x).
By a well-known theorem of Segre (see [4, Section 191]), K is a ﬁeld. 
Observe that three mutually skew lines {L1, L2, L3} of PG(3,K), K a ﬁeld, deﬁne one of the reguli of an hyperbolic
quadricH of PG(3,K). From the proof of Theorem 3.2, if  is any plane of  skew to the line 〈a, b〉, then () ∩H
is a non-singular conic C and the oval  ∩ X and the conic C= () ∩H are projectively equivalent via . Thus, we
get the following result.
Proposition 3.3. For every plane  ∈ , the plane section  ∩ X is a conic.
The same arguments as in [2] allow us to state the next theorem.
Theorem 3.4. If X is a Veronesean cap of index 2 of a projective space PG(M,K) over a skewﬁeld K, then M = 5, K
is a ﬁeld and X is the Veronese surfaceV2.
For the general case, if X is aVeronesean cap of index n> 2 of PG(M,K), thenM5 and K is a ﬁeld. Consequently,
since the arguments of Section 4 of [5] are essentially based on elementary projective geometry and on the invariance
of the plane sections under projections and sections, the results contained in it extend to the case of a projective space
over an inﬁnite ﬁeld. Thus, the proof of Theorem 1.2 is complete.
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